The derivation of a simple and numerically efficient spectral Green's-function formulation for multilayer media is presented. From this formulation, the complete set of spectral Green's functions of scalar and vector potentials for a multilayer medium for vertical and horizontal electric as well as magnetic dipoles is obtained. By this method, the spectral functions of multilayer media and their derivatives can be obtained numerically by using a closed-form formula. This will remove the necessity of obtaining the complicated spectral functions analytically. A number of numerical results are given for verification.
Introduction
The spatial Green's functions of multilayer media are useful in analysis of antenna and integrated-circuit structures [l-41. They are constructed in two steps.
Step 1 is to derive the spectral Green's functions and step 2 is to inverse Fourier transform the spectral Green's function into a spatial one. The spatial representation is in tlie form of a Sommerfeld integral [l] .
Both steps are tedious. The first step is analytical, giving rise to many lengthy expressions of the spectral function for various combinations of source and field locations in the multilayers. This step is programmertime intensive. The second step is numerical, requiring thousands of integrand samples along the real axis of the spectral plane from --oo to +-oo for each frequency and each combination of source and field points. This step is computer-time intensive. Recently, with the invention of the complex-images [5, 61 representation of the spatial Green's function, the computation time (step J) was drastically reduced. To complete the task of reduction, this paper finds a convenient analytical expression based on cascading transmission lines for the spectral Green's function [7] , so as to reduce significantly the tediousness of analytical derivation and the long programmer's coding time in step 1.
For a general multilayer medium with magnetic and electric sources, there are 10 different types of potential function. Table 1 lists these potential functions. In the Table, A is the magnetic vector potential for electriccurrent source, F is the electric vector potential for magnetic-current source, and @ and $J& (i = x, z ) are the scalar potentials due to single electric and magnetic charges. These potential functions are needed for a moment-method solution of a general multilayer problem by the mixed potential integral equation (MPIE) method [l]. 
propagation in multilayer media
In a simple one-section transmission-line model as shown in Fig. 1 , it can easily be shown [8] that the voltage transfer at the load is
Transmission-line model for the wave
In eqn. 1 the denominator can be written as where A is the transmission matrix of the transmission
with sections of transmission lines inserted in Fig. 1 between Zs (2, in Fig. 2 ), the source and 2, (2, Then the A matrix in eqn. 3 simply becomes a chain product of a series of A's. Thus eqn. 1 becomes a voltage-transfer coefficient T of the form where the denominator P is
simple in form; therefore they are easily evaluated to give voltage transfer (eqn. 4) with source and load at any arbitrary layer.
As shown in Fig. 2 , the locations of the source and field determine the reflections r, and rL and therefore the numerator in eqn. 4. The denominator P, on the other hand, is actually independent of these locations. This means that the singularities of eqn. 4 at P = 0, corresponding to surface-wave-propagation coefficients along k,, are not affected by the source and field locations. The amplitudes of these singularities (i.e. surface waves), on the other hand, are proportional to the numerator of eqn. 4 and are therefore affected by the source-and field-point locations.
Compared with other formulations, the basic advantage of eqn. 4 is that, when the multilayer structure is fixed, numerical effort for computation of transfer function T for various source and observation locations is minimal. This is obvious from eqns. 5-7 as, for a given structure, the denominator of eqn. 4, which is independent of source and field positions, is determined just once. Another advantage of eqn. 4 is in the simplicity of taking derivatives with respect to variables 2 , and sf (Fig. 2) . These derivatives are required in the expressions of various components of vector and scalar potentials. As is clear, the numerator takes part in the differentiation and only A; and Af' matrices undergo these differentiation processes. The analytical derivatives of these diagonal matrices with exponential elements can easily be calculated. The rigorous proof of the key equation (eqn. 4) for a cascaded transmission line is given in Section 7.1 (Appendix 1). This Section consists of two parts: discussion of electric sources in horizontal and vertical orientations, and derivation of the Green's functions of magnetic sources.
I Electric sources
First the problem of an electric dipole in a homogenous medium is considered. In a homogenous medium the electromagnetic fields can conveniently be written in Green's functions of a multilayer medium in
where An is defined as eqn. (10) where k, ' = dp,~,. The potential A, may be represented in terms of the plane-wave spectrum:
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where (rs, rf) are the source and field locations, p -= (xf
where is0 is the source spectral amplitude and Tso is a propagation factor or 'transfer function' between the source and observation point in spectral k, domain. In a multilayer medium, the magnetic vector potential due to a vertical electric-current element of unit intensity is assumed to have only one component: A,, along the z axis. For a horizontal electric source, however, there are two components: A,, and A,. Withoul any loss of generality, it is assumed here that the electric dipole is along the x axis. In a source-free region (Fig. 3) , a field can conveniently be decomposed into TE, and TM, parts. Furthermore, if a plane-wave spectrurn is used for each part, spectral plane-wave propagation can be modelled by a cascade of transmission lines, as discussed in Section 2, with appropriately chosen parameters. There are two essential steps in making use of the transmission-line model. In the first step the field of impressed dipole is expressed in terms of a plane-wave spectrum in a homogenous region made of (ps, E,) with spectral amplitude given by eqn. 15. This spectral plane wave can then be considered as the incident field whose propagation in the layered media is governed by the cascaded transmission-line model. (18) where the transfer function T& is essentially the propagation factor to be derived, for a TM plane wave from a VED in the multilayer medium of Fig. 3, and AxO is the spectral amplitude of H , at the source. This amplitude is determined by the source intensity and is the same as that generated by the same source in a homogeinous unbounded region of the source-layer material. It is thus given through eqns. 79 and 83 as: To determine T& the analogy between the propagation of Ax and the wave behaviour of the electrical current on a multisection transmission line is used, as shown in Figs. 2 and 3b . Because of the continuity of 8, at the plane of source, the source in the transmission-line model is chosen as a voltage source and its value is determined so that it can produce Ax0 current in the line when the line is ended by an impedance of source layer 2, from both sides. To this end T&j is represented by the following currentvoltage transmission ratio:
Note that for this case the characteristic impedance 2, is TM, wave impedance in layer n, and the currentreflection coefficients should be used:
The current-voltage transmission ratio of eqn. 20 can be expressed in terms of transmission matrices of eqns. 3 and 8. Following the same steps as in Section 2, where the parameter P is defined as in eqn. 5.
Note that in obtaining eqn. 22, a's and b's of the equivalent-transmission line model (Fig. 2) represent current instead of voltage. Therefore, the set of equations (eqn. 59) is replaced by the following set of equations:
Using eqn. 18, the following expression for a,, at the field-observation point can be derived in terms of its source spectral amplitude:
The scalar potential 6 l z can now be found by utilising eqn. 76:
where si, i = s, f are distances shown in Fig. 2. 
Horizontal electric dipole (HED):
The source current density is now given by eqn. 10 with 1 = 4. In the following general expressions for a,,, A,, and @& potentials in spectral domain are derived.
TE waves:
This part is generated by the Hz component of the incident field. Similarly to eqn. 18, where TFg is the propagation factor for the TE constituent of the field generated by a HED in the multilayer medium. Using eqns. 77 and 82 gives where a, is given by eqn. 15.
In the transmission-line model of Fig. 2, 8 , is similar to voltage and, as it is continuous at the plane of source, the source is chosen as a current source. Based on the same argument as that used for VED T& can be represented by the following ratio: which is readily been given by eqn. 22 for cascaded transmission-line sections (Fig. 2) when the series-voltage source V, is replaced by parallel-current source I, and the characteristic impedances in eqn. 9 are replaced by their TE equivalents:
Utilising the relations between E,, A, and a,, the following expression for A",, can be derived in terms of 
Magnetic sources
The same steps as for an electric source can be used to find the potentials due to a magnetic current element 88 or a magnetic charge point. In brief, for a magneticdipole in a homogenous medium of the form: the electric vector potential is given by
In spectral domain,
I Vertical magnetic dipole (VMD).
The source current density is given by eqn. 38 with 1 = 2 . The field generated by a VMD in a multilayer medium is TE, and may be expressed in terms of a potential F,, and the related scalar potential &&.
The field is generated by H , component of the incident field. The transmission factor 8, is first derived:
(43) where TFkm is the propagation factor for the TE, constituent of the field generated by a VMD in the multilayer medium and is the spectral amplitude of I?, at the source. Using eqns. 77 and 88 gives
where Fs0 is given by eqn. 41. Based on the same argument for the electric dipole and using a transmissionline model, similar to Fig. 2 
Horizontal magnetic dipole (HMD):
The source current density is given by replacing 1 = A in eqn. 38. The field generated by a HMD may be expressed in terms of potentials F,,, FZx and @&.
TM waves: TM waves are generated by the E, component of the incident field. The propagation of the TM part is formulated in terms of H,:
where the transmission factor THg is the propagation factor for the TM wave of HMD in the multilayer medium and HxO is given, by using eqns. 79 and 85, as:
' c p"
where Pso is given by eqn. 41. It may easily be shown that TFg can now be represented by the ratio: 
where TFkm is the propagation factor for the TE constituent of the field generated by a HMD in the multilayer medium. Using eqns. 77 and 86, E,o [B,o = E,
Using the transmission-line model of Fig. 2 gives
The E , and 86 as can be found from eqns. 74, 77 and
Note that for the calculation of all the potential functions listed in Table 1 only four transfer functions, i.e. TF., TP&, TFfi, TFkm , are required. Results and verification Based on the procedure described above, a program for calculating the spectral Green's function of a multilayer medium has been written and validated by comparing the spatial Green's function for one-layer and two-layer media with the rewlts of [5, 9, 111 The spatial function is found by applying the complex-images method [5] . In the complex-images method used here, as will be discussed in another paper, for the near field, the effect of surface waves is not extracted. Also, the exponentials
are written in terms of the propagation coefficient of the unbounded medium [loll, except for the case in which the inedium is bounded in the z dircction by perfect conducting media. In the following, some typical examples are examined. As the first example, consider a microstrip geometry [5] for which the relative permittivity and the substrate thickness are 12.6 and lmm, respectively. The frequency of operation is chosen to be lOGHz, and the locations of source and field points are on the microstrip layer. The Green's function of scalar potential of a horizontal dipole is shown in Fig. 4 . 000 from [9] __ formulation used in the paper HED located between two l a y m . scalar potential qieSxq
As another example, consider the two layer medium of Fig. 7 . The superstrate is GaAs (E,* = 12.5) with a thickness of hz = 0.3" andl the substrate material is Teflon = 2.1) with a thickness of hl = 0.7" [9] . The source is an HED located at the interface of two layers. The Green's function of scalar and vector potentials for a horizontal dipole have been found and compared with results of [9] in Figs. 5 and 6. Good agreement between the two results is observed.
As a last example, the two-layer structure of Fig. 7 is considered with E ,~ = 2, E , .~ = 10, h2 = 1.5" and hl = 0.75" [l 11. The magnetic-current Green's function of scalar and symmetric vector potentials for this structure compared with results of [1 11 at 1 GHz can be seen in Figs. 8 and 9 . The source and field points are located at the interface of free space and the superstrate. The agreement between the two results is excellent.
Fig. 7 Two-layer structure R conventional methods, for various locations of source and field points, different types of source and different types of potential. As was expected, the results were the same.
Conclusions
A fast and accurate method for calculation of spectral Green's functions of a multilayer medium has been introduced and implemented. The method provides a formally exact procedure for the numerical computation of the spectral-domain Green's functions required for the application of the moment method in the spatial domain. Being exact in the spectral domain, the method was implemented to compute the spatial Green's function using the complex-images method and the results were compared with the literature. Excellent agreement was observed. Defining U, as in eqn. 6 gives (67) In the location of the field point, the following relation is known:
+bf-= a f -+rLaf-= ( i + r L ) a f - (69) The voltage at the field location can be written in terms of the incident field as: expressed in terms of trans,mission matrices of eqns. 3 and 8 as where the parameter P is defined as eqn. 5.
Appendix 2
The electric and magnetic potentials are defined as:
V . F Pf s^ * (VSq5L) = --
B = V X A
The equations which relate the horizontal field components to normal components are:
and the equations which relate the A,-and E,-field components to the related potentials are: HED:
VED:
HMD:
VMD:
